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Abstract. We prove the Ax-Lindemann theorem for the coarse moduli 

(N ■ 

space A g of principally polarized abelian varieties of dimension g > 1, 
C"| , and affirm the Andre-Oort conjecture unconditionally for A g for g < 6. 
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1. INTRODUCTION 



| In this paper we prove the "Ax-Lindemann" theorem for A g = A 9t i,g > 1, 

which is stated as follows (for definitions and conventions see §2). Let M g 
be the Siegel upper-half space and tt : M g — > A g the Sp 2s (Z)-invariant 
uniformisation. 



Theorem 1.1. Let V C A g be a subvariety and W C it 1 (V) a maximal 
subvariety. Then W is weakly special. 



The proof combines various number-theoretic estimates with the Counting 
Theorem of Pila-Wilkie [9] and with the idea of Ullmo-Yafaev [16] to use 
■ hyperbolic volume at the boundary. The Ax-Lindemann Theorem is a key 

, ingredient in proving (cases of) the Andre-Oort conjecture (AO; [5j I14j ) 

unconditionally using o-minimality and point-counting [21 [U [13] , using the 



> 
CO 

\o 

CN 

strategy originally proposed by Zannier for re-proving the Manin-Mumford 
conjecture jlOJ. The following theorem affirms AO for A g for g < 6. 

Theorem 1.2. Let g < 6. Let V C A g be a subvariety. Then V contains 
only finitely many maximal special sub varieties. 



Both theorems depend on the definability in M ari) ex p of 7r : Up — y A g on 
■ a fundamental domain, due to Peterzil-Starchenko [6]. 

The restriction to g < 6 in 1.2 is due to another ingredient which is 
crucial to the strategy: a suitable lower bound for the size of the Galois 
orbit of a special point. These have been established by the second author 
[12] unconditionally for g < 6, and for all g on GRH. However, we show 
that such bounds are the only obstacle in proving AO for A g in general. 
The deduction of AO from the various "ingredients" is done in §7. In the 
course of preparing this manuscript, the preprint [13] by Ullmo appeared 
showing how to deduce AO from these ingredients for any Shimura variety 
(and proving AO unconditionally for all projective Shimura subvarieties of 
Ag,n > 1 using the Ax-Lindemann theorem established in the cocompact 
case by Ullmo-Yafaev [16], the Galois lower bounds [12], and the height 
bound [8 J for the preimage of a special point in a fundamental domain) . 
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The deductions of AO in [13] and here differ in detail but both depend 
on the structure of the family of weakly special varieties and make further 
crucial use of o- minimality (as in [8]). We have retained our treatment in 
order to keep our paper self-contained. 

We begin in §2 by reviewing M g , then we prove some basic polynomial 
height estimates in §3, and estimates about volumes of curves in fundamental 
domains (§4) and near the boundary of the upper-half space (§5). We then 
combine these ingredients in §6 to prove 1.1. 



2. Notation and basics 

2.1. Varieties and subvarieties. We identify varieties with their sets of 
complex-valued points. A subvariety V C W is relatively closed and irre- 
ducible. A subvariety of M g means a non-empty connected component of 
M nY where Y C C 9< - 9+1 ^ 2 is a subvariety. For A C M g , a maximal subva- 
riety of A is a subvariety W C M g with W C A such that if W' C M g is a 
subvariety with W C W C A then W = W. 

2.2. Sp 23 (M) and M g . The symplectic group Sp 2g (R) with entries in a ring 
R is the group of matrices 

\C d) e M ^i R )^ A,B,C,D € M g (R) 



satisfying 



AB l = BA\ CD 1 = DC 1 , AD 1 - BC l = I g . 



We know that 



so that Sp 2g (R) is closed under transposition. 
The Siegel upper half-space M g is defined to be 

M g = {Z = X + iY \ Y > 0,Z = Z 1 } . 

There is an action of Sp 29 (K) on M g given by 



£ Z = {AZ + B)(CZ + D) 



-i 



Denote by A g the coarse moduli space of complex principally polarized 
abelian varieties. The quotient Sp 2s (Z)\lH 9 is isomorphic to A g . We write 
it : M g — >■ A g for the projection map. 

2.3. The metric. There is an invariant metric on M g for the action of 
Sp 29 (IR), and this is 

dju(Z) := Tr(Y- 1 dZY- 1 dZ). 
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2.4. Fundamental set. See e.g. [TT]. The action of Sp 2g (Ij) on W g is 
discrete. One can describe explicity a fundamental set, but it is far easier 
- and more convenient - to describe a Siegel set. We say that a symmetric, 
positive definite matrix Y is Minkowski reduced if 

> 2/2,2 > • • • > y gg , \yij\ < Max(yu,yjj), 

and for every matrix v € not in the span of e s , e g _i . . . , e^-i, we have 
Y[i;] > We define the Siegel set S g to consist of all matrices X + iY 
such that < ^, Y is Minkowski reduced, and y gg > c, where c is some 
positive real number. Then S g is contained in a finite union of fundamental 
domains for Sp 2g (Z) and, for sufficiently small c, contains a fundamental 
domain. We fix such a c = c g for the rest of the paper. 

For a Minkowski reduced matrix Y, with determinant \Y\, we have 

n^«i y r 1 

8=1 

(so with the notation x introduced in §3 below \Y\ x nf=i 

2.5. Heights. We define the height of a matrix Z = X + iY" G H g to be 

H(Z) = Max(l,\z ij \,\Y\- 1 ), 
and we define the height of a matrix M = [Mij) G Sp 29 (M) to be 

H(M) = Max(l, |My |). 

2.6. O-minimality and definability. In this paper definable will mean 
definable in the o-minimal structure M an ex p- See [7] for a summary of basic 
properties of o-minimality and further references. 

3. Basic Height Bounds 

In this section we prove some basic lemmas involving heights. We shall 
only care about asymptotic growth, and moreover we only wish to establish 
that certain quantities do not exhibit super-polynomial growth. Thus, we 
introduce some notation: 

Definition. Let M be a set, and F, G are two functions mapping M to M>o- 
We say that F is polynomially bounded in G if there exist constants a,b > 
with F(m) < a ■ G(m) b , and write F -< G. If F -< G and G -< F we write 
F^G. 

Clearly, -< is transitive, whereas x is an equivalence relation. It is also 
clear that F -< G <^ G~ x ~< F^ 1 . We record some basic facts. 

Lemma 3.1. If Z £M g and M 1 ,M 2 £ Sp 2g (R) we have: 

(1) H(M 1 M 2 ) -< H{Mi)H(M 2 ). 

(2) IT(Mi) x H{M^). 

(3) H{M X Z) < H(Mi)H(Z). 

(4) H(Z)- 1 -< H(Z) 
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Proof. (1) Clear. 

(2) By symmetry, it is enough to show H{M^ 1 ) -< H(M\). This is 
obvious because the minors of M\ are polynomial in the entries of 
Mi, and \M\\ = 1. 

(3) Write Mi = Then M X Z = (AZ + £)(C7Z + D) -1 . We 
first bound \CZ + D\ from below. Note the identity 

(*) (CZ + D)\AZ + B)- (AZ + B) l (CZ + D) = 2iY. 

Let / = \CZ + D\. Then there exists a vector £ € C 9 with 
||£|| = 1 and ||(CZ + .D)£|| -< /. Complete £ to an orthonormal basis 
£ = £i>£2) • • • ) £s- Then we have 

i^i 2 <nn^i ^ i^mi^on 

i=l 

so that 

W^YZW ~< H(Y) < H(Z). 
Finally, (*) gives 

ne*mH/^(M 1 )F(z), 

so that / _1 -< H(Mi)H(Z). It is now clear that all the entries of 
MiZ are polynomially bounded by H(Mi)H(Z). It remains to show 
that if M X Z = X' + Y' then [V I" 1 -< #(Mi)iI(Z). 

Again using (*) and the fact that M±Z is symmetric, we derive 
(Y')- 1 = (C~Z+D)Y- 1 (CZ + D) t . Thus all the coefficients of (Y'y 1 
are polynomially bounded by H(M\)H(Z), and thus so is |y'| _1 . 
This completes the proof. 

(4) Follows from the above by setting M\ = (, 

□ 

We restate here Lemma 3.4 from [8]: 

Lemma 3.2. For a point Z G M g take 7 £ Sp 2g (Z) such that j ■ Z G 5 g . 
Then H(j) ~< H{Z). 



4. Volumes of algebraic curves in M g . 

4.1. Volumes of algebraic curves in H ff . Recall that there is a Complex 
semi-algebraic structure on M g via the imbedding M g <^-» M 9 (C) sym . Take 
C C H fl to be a curve in H 9 (i.e. a subvariety of dimension 1). We define 
the degree of C to be the degree of the Zariski closure of C in M g (C). The 
restriction of the metric dfi(Z) gives a Riemanian metric on C, and thus an 
induced Volume form dC. Our goal in this section is to prove the following 
theorem. 
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Theorem 4.1. For a curve C C M g of degree d we have the bound 

dC < d. 



la 



Proof. The main ingredient of the proof of the theorem is the following 
lemma. 



Lemma 4.2. Within S„, we have 



\dz 



2 



dfi(Z) = TY(Y- l dZY- l dZ) < O g (l) ■ 

jj yuan 

Proof. Since Y is Minkowski reduced, we have that \Y\ x 111= l f«) an d 

(*) Vi,j, | < Min(y«,yjj)/2. 

Now, let y^- denote the entries of and let Mjj be the (i, j)'th minor 
of V. Then by (*) and the expansion of along columns Mjj we see that 
l M iil < rifc^j ?/fcfc> and tnus bijl = I^T 1 !^! < Vjj 1 - Likewise \y' i;j \ < y^ 1 . 
Thus y^- < |yjj • Ujj\~^- Moreover, the matrix corresponding to the (i,i)'th 
minor of Y is Minkowski reduced, and thus Ma x Ylk^iVkk an d y'a x y^ 1 - 
Thus we have 



TrtY-^Y- 1 ^) = J] y'^dzj^dzfi 



i,j,k,l 

< ^ IdzjkdzuKy'ny'jjy'^y'n)^ 

i,j,k,l 

\dz jk \ 2 \dz h \ 2 



, /k . :l yjjyjj yam 

which is what we wanted to show. □ 
By the lemma, it is enough to show that for all (i,j) we have 

f ^«d. 

Jcnsg yuyjj 

We first consider the case i = j. In this case, consider the projection map 
onto the zu coordinate, ttu : M g — > Hi. The image of S g under ttu is contained 
in the Siegel set yu > c g ,\xu\ < |. Moreover, when the map ttu is restricted 
to C it is either constant, in which case the differential dzij vanishes along 
C, or it has finite fibers. In fact, since C has degree d, the map ttu : C — > Hi 
is at most d to 1. Thus we have 



JCnSg Vii J Hii=Cg J XU = —i 



\dzu\ d 



y 2 - 

till 
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We now consider the case of i ^ j. Here we use that since yu,yjj > c g , 
we have y l y .. < Min(l/y^-, 1/c 2 ,). Thus projecting to the Zy coordinate and 
reasoning as before, we get 



l -^l<df°° P Min(c- 2 ,^)|^| 2 



<d / Min( C - 2 , ^{dzijl 2 < d 



as desired. □ 



4.2. Volumes of algebraic curves in special subvarieties. Let G be a 

connected semisimple algebraic subgroup of Sp 2fl defined over Q, and Zq £ 
M g such that Mg ■= G • Zq is a complex analytic manifold. Then Tr g (M.Q) C 
A g is an algebraic subvariety called a weakly special subvariety and all special 
subvarieties arise in this way. Our goal is to prove a similar statement to 
Theorem 14. II with Mg replacing M g . 

Corresponding to Zq there is a Cartan involution of Sp 2g (M), with a cor- 
responding Iwasawa Decomposition 

Sp 2g (R) = N Zo A Zo K Zo , 

where K = stab(Zo) is a maximal compact subgroup, A is a split torus of 
rank g and N is a unipotent subgroup. Note that S g can be written as 
Fiig ' ilg where Fu g C Sp 29 (M) is a Siegel set with respect to the Iwasawa 
decomposition induced by il g . Now pick an element 7 S Sp 29 (IR) such that 
^{ilg) = Zq. Then ^Fii g ^~ l is a Siegel set with respect to the Iwasawa 
decomposition induced by Zq. Now consider 

Fq = iFu^- 1 n G(R). 

By definition, this contains a Siegel set of G with respect to the Iwasawa 
decomposition of G induced by Zq. By Theorem 6.5 and Lemma 7.5 of [I], 
there are finitely many elements gi,...,g r of Gr(R) such that 

G(R) = G(Z)-\Jx t -F . 

i 

Therefore Sg '■= U?, x i ' Fo • ^ is a subset of which contains a fundamental 
domain. We can now state the main theorem for this section. 

Theorem 4.3. Let G, Mg be defined as above. Then there exist elements 
9\i ■ ■ ■ i9t ^ G(R) such that the semialgebraic set Sq C defined by Sg = 
Ui 9i ' Sg C\ Mg satisfies 

(1) G(Z) -S G = M G 

(2) For a semi-algebraic complex curve C C Mg of degree d, we have the 
bound 

[ dC < d. 

JcnSa 
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Proof. (1) was already proven in the discussion above. For (2) we need only 
to observe that if C is algebraic of degree d, then so is g ■ C. Hence 

f dC < V f dC = J2 f dC <C d 

JcnSa i=1 Jcn gi s g - =1 Jg^CnSg 

as required. □ 

5. Volumes of algebraic curves near the boundary 

Take C C M 9 (C) sym to be a complex algebraic curve of degree d in M g . 
Then C has to intersect the boundary dW g in some smooth real algebraic 
curve Co; to see that C zar can't be contained in M g recall that there is a 
birational algebraic map taking M g to a bounded set. Our goal in this section 
is to show that the volume of C near Co is large. This idea and its execution 
are due to Ullmo and Yafaev [16] . 

Theorem 5.1. For M > 1 set C M ■= {Z G C | H(Z) < M}. Then 

M < \ dC. 

J Cm 

Proof. We proceed as in [16]. Pick a smooth compact piece I C Co, a point 
pel. For < a < j3 < 2n set 

A Q)/ 3 := {z = re ie \ < r < l,a < 6 < (3} 

and 

C a ,p := {z = e ie | a < 9 < /?}. 
We may find a, (3 and a real analytic map 

tjj : A Qj/3 CnM g 

which extends to a real analytic function from a neighbourhood of A a flUC^A 
to C such that ^(C Q)/ g) C dM g . Composing with \Y\ gives a real analytic 
function on a neighbourhood of A Q / 3 U C a ^ which is positive on Aa, j3 and 
vanishes exactly when 1 — zz vanishes. Thus, there exists A > such that 
\Y\ 2 = (1 — zz) x - if)i(z) where ip\{z) is a real analytic function that is positive 
on A Q r and which does not vanish identically on C a ^. Thus by changing 
a and f3 if necessary we can ensure that ipi(z) is non- vanishing on C a ^, so 
that 

(1) log|Y| = ~log(l-^) + 0(l). 

Now, as in Ullmo- Yafaev we can also ensure that if uj denotes the Kahler 
form on M g and wa = ijjz^) then 

(2) ?P*(lu) = SLUA + rj 

where rj is smooth in some neighbourhood of C a ^, and s is some positive 
integer. Finally, for S < 1 we set Is = A Qj( g n {\z\ < 1 — 5}. 
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A computation gives we have 

/ u A > i. 

J Is 6 

Combining this with equations (P) and ([2]) gives the result. □ 

6. Proof of Ax-Lindemann 

We can now prove the Ax-Lindemann (or the Ax-Lindemann- Weierstrass) 
theorem for A g . We give an equivalent statement. 

Theorem 6.1. Let V C A g be an irreducible algebraic variety, and suppose 
that W C -K~ l (V) is an irreducible complex algebraic subvariety of M g of 
positive dimension. Then there exists a weakly special subvariety S C V 
such that W <ZiTg l (S). 

Proof. We can assume without loss of generality that W is maximal. We 
likewise may assume that V is minimal in the sense that there does not exist 
V' C V with dimV < dimV and W C ^(V). 

Assume without loss of generality that W n S g ^ 0. Take now Sq to 
be the minimal weakly special subvariety of A g containing V and Write 
Uo = 7r~ 1 (S'o). Then there exits a connected semisimple group Go C Sp 29 
defined over Q and a point u G Uo such that Uo = Gq(M)-u. Let Ty C Gq(Z) 
be the monodromy group of V. 

Write Y for a connected component of vr~ 1 (V r ) which intersects the open 
pat of S g , and set Y° = Y n S g . Note that Y° is definable (in M a n,exp; [S]). 
Write 

I = { 7 £ Sp 2g (R) | dim (7 • W n y°) = dimW}, 
which likewise is definable. 

Lemma 6.2. We have T -< N(X,T). 

Proof. Let C C W be an algebraic curve. For T > 0, define 

C T = {Z G C I #(Z) < T}, X T = {7 G X I (7) < T}. 

Since ^ contains a fundamental domain, for each point c G C there exists 
a 7 G Ty such that 7 • c G 1"°. By Lemma 13.21 there exists M > such that 
^(7) — H(c) M . Hence for T > 1, we must have 

^ c U 7- 1 5 s . 

In particular, we have that 

Vol (C T ^)< E Vol( 7 -Cn5 9 ). 

Combining Lemmas 15.11 and 14.11 now gives the result. □ 
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Applying the theorem of Pila-Wilkie [9j [7] we deduce that there is a 
semialgebraic variety W\ C X of positive dimension containing arbitrarily 
many points 7 S Ty such that Wi ■ W C Y. But then 7~ 1 Wi • W contains 
W, and so by our maximality assumption we have 

7~Vi -W = W. 

Now consider the algebraic group 

@ = {7 e S P2g (R) I 7 • w = W}. 

Let 0° be its connected component. Since ^~ l W\ C 0, it follows that 0° 
has positive dimension. Let H be the connected component of the maximal 
algebraic subgroup of 0° defined over Q. We know that 0° has infinitely 
many rational (in fact integral) points, hence so does H, and so dim(H) > 0. 

Suppose that Y is NOT invariant under H. Since H(Q) is dense in H(M) 
we can find an element h € -ff (Q) such that Y is not invariant under h. Let 
Y' = Y n hY. Then tt(Y') is a closed algebraic proper subvariety V C V 
with and W C Y 7 ' (In fact V is a component of the intersection of V with 
one of its Hecke translates). This contradicts our minimality assumption on 
V, hence Y is invariant under H. 

Since Y is invariant under H and under Ty it is invariant under the group 
H' generated by / y~ 1 H^/ as 7 varies over Ty. Now H' is an algebraic group 
that is invariant by conjugation under Ty, and hence also under the Zariski 
closure of Ty, which is Go- Hence H' is normal in Go- Note that H' W C Y 
so by maximality of W we conclude that H'W = W so that H' = H. 

Next consider the map <p : Go — > Gg d , where Gq 1 is the adjoint form 
of Gq- We can therefore write Gq A = Yii=i^i where the Gi are Q-simple 
algebraic groups. Therefore there is some non-empty subset I G {1, . . . ,r} 
such that 

<P(H) = l[G l . 

i£l 

We write Uq = \\ i Ui where the Ui are Hermitian symmetric spaces asso- 
ciated to Gi. Thus W can be written as Y\ i£l Ui x W , where W is a subset 
of r[ie/ c ^ is a point then Tr g (W) is weakly special as desired. Hence, 
we assume from now on that dim(PF') > 0. 

For a subset Jc {1,2, ... ,r} define G J to be the identity component of 

cf)^ 1 ^rije j Cj) • Then by the above we can find a variety isomorphic to W 

- which we shall also call W by abuse of notation - such that W' C W and 
is contained in a weakly special subvariety which is in a single G 1 " orbit, say 
G r ■ a: 

Define Vi := V n n g (G IC ■ w), and S G i- as in Theorem 14.31 Then V\ is an 
algebraic variety. Write Y\ for the connected component of ^^{Vi) which 
intersects S G i^, and set Y® := Y\ n Sqjc Finally, define 

X\ = {7 € G /C (R) I dim (7 • W 7 n I7 ) = dim W}. 

Lemma 6.3. VFe /iaue T -< N{Xx,T). 
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Proof. This is proved in the same way as Lemma [6.21 but using Theorem 14.31 
instead of Theorem 14.11 □ 

Arguing as before, we get a positive dimensional subgroup Hi C G 1 " 
defined over Q which is normal such that H{W' = W. But then HH\ 
must stabilize W, which contradicts the fact H is maximal algebraic group 
defined over Q which stabilizes W. This completes the proof. □ 

7. Application to Andre-Oort 

In this section we give the consequences to the Andre-Oort conjecture. 
As already mentioned, the size of the Galois orbit of a special point plays 
a crucial role. In general one expects to have the following lower bound 
suggested by Edixhoven in [3]. 

Conjecture 7.1. Let g > 1. Then, for a special point x € A g , 

\Bisc(R x )\ -< |Gal(Q/Q) • x\ 

where R x is the centre of the endomorphism algebra of the abelian variety 
corresponding to x, and Disc(i? x ) is its discriminant. (The implied constants 
depend on g.) 

The second author [12] has affirmed this conjecture 

(1) for g < 6, and 

(2) for all g under GRH for CM fields. 

Theorem 1.1 is thus a corollary of the following result, which also (re-)proves 
AO for A g for all g under GRH for CM fields. 

Theorem 7.1. Suppose Conjecture 7.1 holds for g. Then the Andre-Oort 
conjecture holds for A g . 

Before embarking on the proof, we need to say a bit more about the 
structure of weakly special subvarieties. 

Every weakly special subvariety S C A g is the image 

S = ir(Hz) 

of a suitable orbit Hz of a semisimple subgroup H C Sp 29 (M), with H 
defined over Q. Let H C Sp 29 (M) be semisimple and defined over Q. Then 
there exists another semisimple subgroup H' C Sp 29 (M) and a point u £ M g 
such that H, H' commute, and H'u and (H x H')u are special subvarieties. 
Moreover, every weakly special subvariety associated with H is of the form 

Hz C H x H'u 

for some z G H'u, and every z € H'u gives rise to a weakly special subvariety. 
Furthermore, Hz is special precisely when z is a (pre-)special point of H'u. 
The image of H x H'u will be denoted X C A g . 

We now suppose that V C A g (but we do not yet assume Conjecture 7.1 
holds). We let Z = 7r -1 (l/) nS 9 , a definable set as already observed. 
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We consider semisimple subgroups H (not necessarily defined over Q) 
and their orbits Hz,z € M g . These are real semialgebraic sets, and have 
some (real) dimension d^. We consider those with the property that they 
intersect Z in a set of real dimension equal to d^. Observe that if such 
an Hz is in fact complex analytic then by analytic continuation we have 
Hz C 7r _1 (y). We call such an orbit maximal if it is not contained in an 
orbit Kw, where K C Sp 2s (IR) is semisimple and w € M g , which intersects 
Z in real dimension d^- > 

Lemma 7.2. The set of semisimple subgroups H C Sp 29 (K) for which there 
exists some z £ M g such that Hz is maximal is finite. 

Proof. There are only finitely many semisimple real groups that embed into 
Sp 2g (K), and the embeddings come in finitely many families up to conju- 
gacy by A.l. Thus, the semisimple subgroups of Sp 2g (K) form a definable 
family (in fact semialgebraic), say they are the fibres H y C Sp 29 (M) param- 
eterised by some semialgebraic set Y. The dimension is definable (in fact it 
depends on the embedding only up to conjugacy), and so the set 

{(y, z) £ Y x M g : H y z is maximal} 

is definable. However, according to Ax-Lindemann the maximal H y z are 
weakly special, for which H y is in a countable subset of groups defined over 
Q. So the set of y that arise is a countable definable set, and hence finite. □ 

Let us denote this finite set of subgroups Hi, i = 1 . . . , m. We will let H[ be 
the corresponding commuting semisimple groups as described above, U{ the 
corresponding elements, and S% = Sh^S^ = S H i will denote corresponding 

unions of siegel sets as defined in section 14.21 We let df denote the complex 
dimension of the corresponding weakly special subvarieties. We let = 
Tr{H-Ui) and X { = n(Hi x H[ui). 

Lemma 7.3. If Y C V is a maximal weakly special subvariety then there 
exists Hi and z € H[u{ such that Y = ir(Hiz), furthermore we may take z 
to belong to the sets S^. 

Proof. Suppose S = tt(Hw) for some suitable H, w. There exists g E 
Sp 2g (Z) such that gHw n Z has the full dimension of Hw. Also, gHw = 
gHg~ 1 gw is weakly special. Since S is maximal, by the same argument, 
gHw = gHg~ 1 gw is maximal. So gHg^ 1 is among the Hi. Now we may act 
on z = gw by elements of -ffj(Z), which commutes with Hi, to bring z into 
S' t . ' " □ 

Lemma 7.4. With notation as above, for z € special, 

H{z) ~< \D\sc{R z )\ 

(with implied constants depending on Hi). 
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Proof. Recall that S[ = Uj=i 9y&i f° r 9% £ Sp 29 (M). Now Suppose z G gj-S g . 
Then there exists a points w G S g and a 7 € Sp 2ff (Z) such that 7 • w = z, 
and moreover w must also be special, and R z = R w . Thus it suffices to 
show by Lemma E?T] that H(z) -< H(w), and thus it is enough to show that 
H(j) -< H(w). Now note gj jw G S g , and hence by Lemma IBTTl we have 
H(gJ 1 j) -< H(w), and hence also #(7) -< ff(iu) as desired. □ 

Lemma 7.5. notation as above, for each i the set 

V( = {vr(z) : z G Hfc^Hiz) C V} 

is a relatively closed algebraic subset of X- = ir{H'-Ui). 

Proof. We suppress the subscript i and consider the locus 

{{z,w) : z G H'u,w G Hz} C fT'u X {H X 

This is a special subvariety so its image under 7r x tt is a relatively closed 
algebraic subset of X' x X. Thus, the family ir(Hz) of "translates" of images 
of Hu is in fact an algebraic family of subvarieties Yt C X, parameterised 
by t G X' . Then 

V = {t G X' : Y t C y} 
is a relatively closed algebraic subset of X' , as V is relatively closed in 

Ag. □ 

We are now ready to prove Theorem 7.1. 

Proof of 7.1. Suppose then that g is a positive integer for which Conjecture 
7.1 holds, and let V C A g . We may suppose that V is irreducible and defined 
over some number field (finite degree over Q). We "peel off" the maximal 
special subvarieties contained in V starting with those of highest dimen- 
sion. By Lemma 7.3, there are finitely many semisimple Hi C Sp 29 (M), 
defined over Q, for which V contains some corresponding weakly special 
subvariety. Let us suppose that V contains only finitely many special sub- 
varieties Y% , . . . , Yfc of dimension greater than d (which certainly is true for 
d = dimV — 1). Let Hi,i G Id be the subset of the Hi for which df = d. 
Let H be one of these (to avoid subscripting everything), and consider the 
"translates" of images of Hu that are contained in V, which correspond to 
points of V' C X' . Special subvarieties contained in V which are images 
of translates of Hu correspond to special points of V'. Suppose that V' 
contains a special point z. We consider the Galois conjugates of z over a 
field K of definition of V, V and all the Sj, a field of finite degree over Q. 
We see that, in view of Conjecture 7.1, which we are assuming, and Lemma 
7.5, if |Disc(i? 2 )| is sufficiently large then Z' = 7r _1 (y') n Sh> contains a 
semialgebraic set of positive dimension, and then 7r _1 (y) contains a semi- 
algebraic family of translates Hz whose real dimension exceeds that of the 
corresponding weakly special subvarieties, corresponding to a and containing 
Hz for preimages of conjugates of z. 
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We may complexify the real algebraic parameter to get a complex alge- 
braic variety W C ir~ l (V) of complex dimension exceeding d^, and contain- 
ing Hz for preimages of conjugates of z. By Ax-Lindemann, W is contained 
in a weakly special subvariety contained in V, and this must be one of the 
Yi. This is a contradiction as z and its conjugates have been chosen so 
that the special subvarieties Hz are not contained in any of the Yi. So 
|Disc(i? 2 )| is bounded, and V contains only finitely many "translates" cor- 
responding to Hu. Since Id is finite, we see that V contains only finitely 
many maximal special subvarieties of dimension d. We repeat the argument 
for d = dim V — 1, . . . , 0. This proves the theorem. □ 
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